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A droplet residing on a vibrating surface and in the pressure antinode of an asymmetric standing wave can spread radially outward and atomize. In this work, proper
orthogonal decomposition through high speed imaging is shown to predict the likelihood of atomization for various viscous fluids based on prior information in the
droplet spreading phase. Capillary instabilities are seen to affect ligament rupture.
Viscous dissipation plays an important role in determining the wavelength of the most
unstable mode during the inception phase of the ligaments. However, the highest ligament capillary number achieved was less than 1, and the influence of viscosity in the
ligament growth and breakup phases is quite minimal. It is inferred from the data that
the growth of a typical ligament is governed by a balance between the inertial force
obtained from the inception phase and capillary forces. By including the effect of
acoustic pressure field around the droplet, the dynamics of the ligament growth phase
is revealed and the ligament growth profiles for different fluids are shown to collapse
C 2013 AIP Publishing LLC.
on a straight line using a new characteristic time scale. 
[http://dx.doi.org/10.1063/1.4817542]

I. INTRODUCTION

Liquid atomization finds application in diverse areas such as spray cooling, nuclear reactors,
combustors, ink-jet printing, targeted drug delivery using medical nebulizers, pesticide dispersion, metal powder synthesis, and atmospheric studies.1 Despite the widespread application of
atomization, considerable controversy2, 3 exists in the literature concerning the underlying physics,
suggesting that the breakup mechanism is not fully understood.
The different techniques widely used to disintegrate a liquid mass into droplets employ aerodynamic, electrostatic, acoustic,4 or ultrasonic excitation. In air-assisted atomization, the shear
between the liquid and gas phases causes capillary waves in the liquid-air interface via KelvinHelmholtz instability. These disturbances grow to form ligaments which ultimately undergo fragmentation under the competing action of aerodynamic and surface tension forces. In electrostatic
atomization technique, an electrically charged liquid is disintegrated by means of Coulombic forces,
whereas acoustic techniques use focused acoustic radiation pulses to cause atomization. Ultrasonic atomizers work on the principle of faraday excitation wherein capillary waves are generated
on the free surface of a liquid sheet in contact with an oscillator that is actuated at ultrasonic
frequencies.
In the pioneering experimental work on the standing waves generated on a vertically vibrated
liquid column, Faraday5 reported that the frequency of the surface waves was half of the excitation frequency. Many studies have since been carried out on forced liquid columns and droplets.
Experimentally, Lord Rayleigh6 corroborated the observation of Faraday. By conducting Faradaywave experiments with water and ethanol, Goodridge et al.7 inferred that the acceleration threshold
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for droplet ejection increases with excitation frequency and surface tension. Additionally, studies
have been reported on the global breakup of liquid sheets,8, 9 jets,10–12 and drops.13–15 But very few
studies focus on the dynamics of the ligaments emerging from a single excited droplet. James et al.16
investigated the effect of forcing frequency and acceleration on the holistic behavior of droplet
atomization such as the time of its onset and the droplet ejection rate using a 100 μl water droplet
placed on a vibrating diaphragm. Their follow-up work was a numerical study17 which elucidates the
mechanism of droplet ejection from a liquid spike formed on the droplet surface and consequently
by an experimental study18 which identified the effect of capillary number on the spike breakup
mechanism.
In the theoretical work by Tomotika,19 the effect of an outer extensional flow on the capillary
instability of a fluid ligament suspended in another viscous fluid is investigated. He concluded that
when inertia is not significant, the axial straining of the thread has a stabilizing effect irrespective of
the ratio of the fluid viscosities. Frankel and Weihs20 carried out a linear stability analysis to obtain
the transient evolution of perturbation wavelengths of stretching liquid jets. Through experiments and
numerical modeling, Stone et al.21 reported deformation and breakup characteristics of an initially
stretched viscous liquid filament suspended in another liquid medium under low inertia conditions.
They found the end pinching mechanism to be dominant in highly viscous threads, whereas highly
elongated droplets did exhibit Rayleigh instability based breakup. The test fluids that they used were
at least 10 times more viscous than the fluids that underwent atomization in the present study. The
condition for breakup resulting from binary droplet collisions was proposed by Qian and Law.22
Sirignano and Mehring23 presented an extensive review of the theoretical and numerical studies on
the breakup of liquid streams. Recent studies have also reported the deformation/breakup dynamics
of acoustically levitated droplets.24–26 In all the studies involving forced sessile droplets, the focus
has been on the liquid spikes or ligaments that undergo breakup.
This paper studies the combined influence of a vibrating surface and a standing pressure wave
on a spreading sessile droplet. The focus is to understand the mechanism of inception, growth, and
breakup of the ligaments. Previously we reported the behavior of a droplet placed asymmetrically on
the transducer surface in a standing wave.27 In that study, we reported that the droplet spread radially
outward on the transducer surface followed by ligament formation and surface waves leading to
atomization depending on the liquid viscosity. We analyzed the spreading regime and also observed
that in the atomization regime, the ligaments grew from the liquid surface and finally disintegrated.
By using nanosilica suspension, the droplet viscosity was increased to demonstrate that the spreading
and atomization may be influenced by a change in viscosity. However, the details of the atomization
process were not examined.
The current study examines the development of ligaments on the surface of a spreading sessile
droplet and proposes a mechanism to interpret the trends observed in the ligament dynamics.
Observationally the droplet experiences spreading accompanied by the modulation of its surface
topology before the liquid spikes or ligaments emerge (Fig. 1). Majority of the ligaments undergo
breakup while some grow and retract to the liquid surface (Fig. 2). Rayleigh breakup is the principal
mechanism of ligament fragmentation for the range of viscosities considered in this paper. Although
the droplets are ultrasonically excited in the present study, the reader should be aware that the subject
of ultrasonic atomization does not come under the scope of this paper. The aim of this paper is to
provide better understanding of ligament dynamics.
Breakup statistics is found be dependent on the fluid properties.28 We try to address this point
in the low capillary number regime. To understand the mechanisms leading to the development and
growth of ligaments, water/glycerol mixtures at different concentrations are used. The dominant
forces governing the ligament growth dynamics are identified using scaling arguments, and a characteristic time scale is developed for the standing pressure wave. Surface tension is nearly the same
for all the fluids studied; hence we focus on the role of viscosity in the lifecycle and dynamics of
the ligaments. The entire lifecycle of the sessile droplet including the breakup involves very complicated physics. Nevertheless, we observed consistency in different aspects and trends of the ligament
behavior over large experimental data sets and could explain the physics underlying the observed
characteristics of the phenomenon with a simple model based on scaling laws. The theoretical trends
are consistent and match with proposed scaling arguments.
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FIG. 1. (a) Schematic of the top view of the static droplet (left figure) and the droplet in the initial radial spreading regime
(right figure). The focal plane of the camera passes through the droplet dividing the droplet into two equal halves (one
half nearer to the camera and the other half farther from it). (b) Snapshots of different regimes of droplet dynamics and
the definition of maximum ligament length (L), full-width-at-half-maximum length (W), and daughter droplet diameter (d).
The flow fields inside (u int ) and around (ustr , due to acoustic streaming) an evolving ligament are also depicted. μ∗ denotes
the relative viscosity with respect to water. Physical mechanisms observed are: (i) no breakup, (ii) tip breakup, (iii) base
breakup, (iv) tip-base breakup, and (v) Rayleigh instability breakup. (c) Comparison of the force densities at the stable
levitated position of a sphere and at the centroid of the undeformed droplet (not drawn to scale). Inset shows the normalized
potential field inside the levitator. [Figure 1(c) adapted from E. G. Lierke, Acta Acust. Acust. 88, 206 (2002). Copyright
2002, S. Hirzel Verlag Stuttgart.] (d) Variation of pressure across the length scales of the ligaments (enhanced online). [URL:
http://dx.doi.org/10.1063/1.4817542.1] [URL: http://dx.doi.org/10.1063/1.4817542.2]

II. EXPERIMENTAL SETUP

The experimental setup involves a setup which generates an acoustic standing wave in air with
a frequency of f = 100 kHz and a sound pressure level of 156 dB (root-mean-square pressure level,
pac = 600 Pa) between a piezo-electrically driven tantalum surface (radius = 3.8 mm) and a concave

FIG. 2. The different phases in the evolution of ligaments. l stands for the typical length scale of the ligament in the growth
phase. For other notations, refer to Sec. III B.

082106-4

Deepu, Basu, and Kumar

Phys. Fluids 25, 082106 (2013)

TABLE I. Properties of glycerol/water mixtures studied.
Volume fraction
of glycerol

Notation
of fluid

σ (N/m)

ρ (kg/m3 )

μ (mPa s)

μ∗

0
0.1
0.2
0.3
0.4

W
GW1090
GW2080
GW3070
GW4060

0.072
0.07
0.069
0.068
0.0677

996.9
1029.4
1060.2
1089.6
1117.5

0.89274
1.21980
1.7313
2.5748
4.0577

1.0
1.4
1.9
2.9
4.5

reflector. A droplet of 3 μl volume is placed manually using a high-accuracy micropipette on the
transducer surface at around 1.8 mm from its center and is back-illuminated using a continuous 500 W
halogen light source coupled with a diffuser. The silhouette images of the atomizing droplet were
captured using a state-of-the-art ultra-high speed digital camera (Photron Fastcam FA5) fitted with
microscopic lens at 42 000 frames/s and a spatial resolution of 3.8 μm/pixel. In order to understand
the influence of various fluid properties on the atomization characteristics, water, glycerol, and their
mixtures at various concentrations have been used as test fluids whose surface tension (σ ), density
(ρ), viscosity (μ), and relative viscosity with respect to water (μ∗ ) are reported in Table I. Mixtures
with μ∗ > 5.9 (volume fraction of glycerol = 0.45) showed very few ligaments and no ligament
disintegration of the kind that is considered for the present analysis. This limits the capillary number
based on ligament growth rate of the analyzed ligaments to within 1. At least 35–40 videos were
recorded per fluid to generate statistically significant datasets. Altogether, more than 500 ligaments
were characterized for the following analysis. The duration of each video ranges from 40 to 160 ms
depending on the fluid type. A schematic depicting the experimental arrangement and the spreading
of the droplet is given in Fig. 1(a).
III. RESULTS AND DISCUSSION

When a droplet spreads and reaches the edge of the transducer surface, the relative shear at the
free surface and the ultrasonic energy that is being pumped from the oscillating surface give rise to
capillary waves on the droplet. Since the wave growth characteristics are a function of fluid viscosity,
the droplets of higher viscosity are less vulnerable to atomization (Fig. 1(b)). In Subsections III A–
III B, we examine the different stages of ligament dynamics starting from the precursor event,
namely, spreading to ligament breakup/recoil. Figure 2 gives a visual representation of the aspects
of three phases of ligament life which will be explained later in Secs. III A–III B. It is to be noted
that fluids with viscosity μ∗ > 5 only exhibit spreading and no ligament formation or atomization
(Fig. 1(b)). It is also to be noted that the pressure wave of 100 kHz has a wavelength of 3.9 mm which
therefore significantly interacts with the droplets (length scale 1–2 mm in both r and z directions).
The variation of pressure (dp/dr and dp/dz) is significant along the droplet length especially in thin
ligaments (∼1.5 mm in height) (see Figs. 1(c) and 1(d)). We have however used only the net nominal
value of the pressure in the spatial sense for the current analysis. The temporal fluctuations of the
pressure play no role.
A. Precursor to atomization (spreading regime)

In our previous study,27 with the help of a phenomenological model, we captured the global
spreading characteristics of the droplets. However, the influence of the spreading behavior on the
ensuing atomization was not addressed in that study because a single global spreading parameter is
not enough to explain the inception and subsequent dynamics of ligament formation and atomization.
Since the spreading regime is followed by atomization in the case of low viscosity fluids, we
now re-investigate the shape changes of the droplet surface in the spreading regime using Proper
Orthogonal Decomposition (POD) (described in the next paragraph) for possible signs that could
suggest the onset of atomization. Note that POD is neither an alternative nor an extension to the
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one-dimensional dynamic equilibrium model we proposed,27 where the droplet spread rate was
simulated to interpret the observed trends. POD is a multi-degree of freedom model which provides
a reduced-order representation of the original system. In the present study it helps in describing
the shape dynamics of the spreading droplets through identifying the physical significance of the
predominant shape modes and the distribution and transfer of energy among these modes. The model
we developed in Ref. 27, on the contrary, is nonlinear and is a bulk descriptor of the shape evolution
of the droplet that simulates the motion of the droplet centroid over time. This nonlinear model is
simplistic and can be easily implemented to predict the droplet spreading behavior. On the other
hand, the POD model is more costly to implement but gives more physical insight into the problem.
In the present study, since the focus is on the growth and evolution of the ligaments on the deforming
droplet surface, we needed a better descriptor of shape modes and their evolution and hence POD
was employed for a detailed shape analysis of the deforming droplets as a precursor to atomization.
The mathematical approach to POD is similar to the normal mode summation techniques that
are classically applied in the study of droplet oscillations [e.g., Prosperetti29 ]. As compared to our
previous model, which is basically a one degree of freedom model, in these techniques the original
complicated system is modeled by a simpler lower dimensional system with appreciable accuracy.
POD is used extensively on 2D data in studies on combustion and turbulence. A few references on
the same follow. For POD applied on 2D optical images of flame, work of Bizon et al.30 may be
referred. Meyer et al.31 applied POD on planar PIV (Particle Image Velocimetry) data of a turbulent
jet.
We applied POD on the binary images of the droplets of different fluids exclusively from the
spreading regime, where the droplet spreads in purely radial direction of the emitter (schematically shown in Fig. 1(a)). The POD is applied on two-dimensional images. The three-dimensional
description of the process is not captured using this analysis. The process is planar in nature in
the regime where POD is used for the modal analysis as clearly depicted in Fig. 1(a). Since the
distortion is radial, and the azimuthal spreading is limited in the initial stages, it is reasonable to
perform two-dimensional POD only in the initial stages. POD was not performed in the later stages
where spreading is azimuthal. The novelty of this method is that the two-dimensional POD done
at an early stage can be an indicator of the atomization that is yet to occur. These images were
taken at a lower spatial resolution of 5 μm/pixel at 42 000 fps. After applying a threshold limit
obtained as suggested by Otsu32 and an edge-detection routine on the original gray scale images of
the droplet, binary images which represent only the droplet region were generated. POD describes a
higher order system using a lower rank model with the least mean square truncation error.33, 34
The set of temporally equispaced binary images from the spreading regime form the data matrix,
U ≡ u(i,j), where i (=1, . . . , M) and j (=1, . . . , N) represent the pixel number and the snapshot
(image) number, respectively. POD approximates U using first r (≤N) orthonormal spatial modes or
basis functions, φ weighed by corresponding temporal coefficients, a as given below:
r
ũ(i, j) =
φk (i)ak ( j).
(1)
k=1

The snapshot method35 is adopted for determining the POD basis vectors, where the eigenvalue
problem CV = γ V is solved, C being the temporal correlation matrix:
1 T
U U.
N
Then, POD basis vectors are expressed as a linear combination of the snapshots, i.e.,
C=

φk = √

1
U vk ,
N γk

(2)

(3)

where γ k and vk are the kth eigenvalue and eigenvector of C, respectively. The temporal coefficients
are obtained from the eigenvectors of C as

ak = N γk vk .
(4)
It was found that only the first 7 POD modes were needed to reconstruct a snapshot with appreciable
accuracy. This is a direct consequence of the optimality property exhibited by POD basis vectors in
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FIG. 3. Cumulative modal energy as a function of the number of modes for glycerol and water.

approximating a given matrix using a low-rank one. The relative dominance of the modes can be
illustrated through the evaluation of normalized cumulative modal energy (each eigenvalue of the
matrix C represents the energy of the respective mode36 ) which for the rth mode is defined as
r
N
ar =
γl /
γl .
(5)
l=1

l=1

For all the cases studied it is found that α 7 ≈ 98% (see Fig. 3 for the cases of water and glycerol) and
we conclude that the process is dominated by the first 7 modes since they cumulatively contained
98% of the total energy of the entire set of basis vectors.
The variation of the temporal coefficients of the first 7 modes with time during the spreading
regime for water and pure glycerol is shown in Fig. 4. t = 0 s denotes the beginning of droplet
spreading and the time instant when the droplet assumes a two-lobe structure indicates the end of
spreading regime for all fluids. All low viscosity fluids (μ∗ < 5, see Table I) show similar signatures
like water, while all the high viscosity fluids (μ∗ > 5) follow pure glycerol. For the interpretation of
this result we need to first understand what each POD mode represents. The first 4 modes for water
and glycerol are given in Figs. 5(a) and 5(b), respectively.
For water, modes 1 and 2 essentially denote the undeformed droplet shape because the timespan
for the major part of droplet deformation is very short relative to the time scale of the spreading
regime itself. As a result both a1 and a2 decrease towards the end of spreading regime as the droplet
assumes the deformed shape. The final negative value of a2 signifies that mode 2 is given a positive
weighting at the beginning and a negative weighting at the end. This can be understood with reference
to the intensity values shown in the color bar given beside mode 2 in Fig. 5(a). The positive values at
the pixel locations corresponding to the undeformed droplet shape and negative pixel values of the
deformed shape reveal that mode 2 is an antisymmetric mode which contributes to the undeformed
shape initially through a positive temporal coefficient (a2 ) and the deformed shape at later stages
through negative values for a2 . Note that the original binary images of the deforming droplet have an
intensity value of 1 with the background pixel intensity of 0. In order to elucidate this point further,
in Fig. 6(a), a schematic representation of the contribution from the modes 1 and 2 to the original
snapshots at the beginning and end of spreading process is given.
In the case of glycerol, however, the opposite of the aforementioned arguments is true as can
be seen from Figs. 5(b) and 6(b), where modes 1 and 2 represent the deformed droplet shape and
consequently a1 does not change substantially during the droplet spreading while a2 increases from
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FIG. 4. The temporal variation of the first 7 modal coordinates of (a) water (representing low viscosity fluids) and (b) glycerol
(representing high viscosity fluids). The snapshots given as insets show the evolution of shape the droplet as it spreads.

FIG. 5. First 4 POD modes for (a) water and (b) glycerol. Each mode contains intensity values (given by the color bar) at
the two-dimensional array of pixel locations corresponding to the snapshots analyzed.
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FIG. 6. A comparison of the contribution from the first 2 POD modes to the initial (at T = 0) and final (at T = 1) droplet
shapes in the spreading regime for (a) water and (b) glycerol. T is the non-dimensional time defined as t/tspreading , where
tspreading is the measured time scale of the spreading regime.

a negative value to a final value comparable to that of a1 . The moderate values of a1 and a2 of
glycerol are because modes 1 and 2 of glycerol contain lesser relative energy compared to that of
water (Fig. 3).
For both the fluids, the higher modes contain information corresponding to the intermediate
stages of spreading. Hence the energy from the principal modes 1 and 2 is fed to these higher
modes to represent the transition from undeformed droplet to a spread droplet and all of these modes
contribute together to capture the dynamics of spreading process, resulting in the oscillations seen
in a3 to a7 in Fig. 4. An important point is that in the case of glycerol since modes 1 and 2 represent
the deformed droplet, the amplitudes of transitional modes (higher modes) show disturbances only
during the beginning of the spreading. Subsequently, these disturbances die down and all the modes
become stable towards the end of the spreading regime. On the other hand, for water, the oscillations
in the amplitudes of the modes have frequencies increasing with the mode number as the droplet
starts to spread. These oscillations continue till the end of the spreading regime, where atomization
begins. This is because at the end of the spreading regime compared to the case of glycerol the
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higher modes are given more weight to capture the deformed droplet shape. These oscillations
observed in the amplitudes of higher modes are not due to the capillary disturbances induced on the
droplet surface as it is hardly discernible in images used for POD. Rather, these oscillations are to
be considered as a mere reflection of the dynamic change in the global droplet shapes.
Though this may seem to be a mathematical representation of the spreading regime per se, since
the atomizing droplets show a trend which is in contrast to that of the non-atomizing ones, it may be
concluded that the impetus for atomization is provided during the spreading regime itself. To make
a qualitative sketch of how the bulk deformation of the droplet can lead to surface perturbations
we draw an analogy between the spreading droplet and a moving liquid film. Though a direct
comparison cannot be made between the two, given the complexity of the present problem and the
well-defined uniform flow field in the latter case, the analogy helps in understanding the effect of
the droplet spreading on atomization. Squire37 found that surface perturbations on a moving film
become unstable if Weber number,
ρ S2h
> 1,
(6)
σ
where S and h represent the film velocity and half the film thickness, respectively. Using the values of
the spread rate at the end of spreading process for S (∼400 mm/s for water; ∼10 mm/s for glycerol)
and average droplet height at the same instant for h (≈0.7 mm for all fluids), we obtain the We for
water to be slightly less than 1 and for glycerol it is O(10−3 ). Hence the shape deformation of the
droplet may seem to have no role in the growth capillary instabilities. But as the droplet starts to
spread and thins out, there exists a spatio-temporally varying velocity field near the droplet surface
mainly due to rapid shape changes. The non-uniform transient velocity (due to non-homogenous
shape topology) coupled with the external acoustic streaming (∼1 cm/s) enhances the surface shear
at localized portions of the spreading droplet making it more susceptible towards instability. Indeed
at the end of spreading regime, the droplet assumes a two lobe structure (Fig. 3). Clearly at this
point, the average fluid velocity in the bridge connecting the two lobes will be higher than that at
other locations. The combined variation in the velocity of the flow and the film thickness can locally
raise the Weber number to more than 1 and this can lead to unstable growth of the perturbations on
the droplet surface. For high viscosity fluids (μ∗ > 5) like glycerol, the entire spreading process is so
slow that the bulk velocity is low enough to ensure that Weber number based on local velocities never
exceeds 1 and hence the droplet does not undergo any ligament formation or atomization. Since the
higher POD modes carry information about the deformation of the droplet, the time variation of their
temporal coefficients is directly related to the velocity fields and the rate of surface deformation.
The convoluted shape of the droplet at the time of commencement of atomization suggests a very
complicated spatial modulation in the internal velocity field which directly leads to the development
of multimodal capillary waves. This may be the reason for the wide range of length scales of ligament
and daughter droplets observed in the current work when compared to a droplet under pure Faraday
excitation.
POD results are able to capture the variation in the spreading dynamics of high and low viscosity
fluids, not apparent in videos (as can be seen from the representative snapshots given in Fig. 4, the
evolution of the droplet shape looks as if it is stretched in time for a higher viscosity fluid compared
to a lower viscosity fluid). The difference in the nature of the POD modes and the temporal evolution
of their corresponding amplitudes is due to the difference they portray in the dynamics of spreading.
In the case of water, the time scale of oscillations in the higher mode is nearly 8 ms, whereas
for glycerol it is 160 ms. These dynamics of rapid shape evolution in the case of low viscosity
fluids, along with the concomitant ultrasonic excitation, are the major sources of the capillary
instabilities that ultimately lead to the ligament formation through a crater forming mechanism,18
and subsequently to atomization, as explained in Sec. III B.
We =

B. Ligament dynamics and breakup

The high-speed images of atomizing droplets reveal complicated mechanisms leading to atomization. At higher length scales, isolated fluid ligaments form at different locations on the droplet

082106-10

Deepu, Basu, and Kumar

Phys. Fluids 25, 082106 (2013)

surface, some of which grow in length to eventual breakup (see Movie 1 attached to Fig. 1(b) for
disintegrating water ligaments), while the others reach a maximum length before decaying to the
droplet surface (see Movie 2 attached to Fig. 1(b) for non-disintegrating water ligaments). The
ejected daughter droplets range from 15 μm to 250 μm in diameter. This range is found to be less
dependent on viscosity. At the lower length scales, surface wave amplitudes, as low as 2–3 pixels
(≈8–10 μm), have been observed, although the spatial resolution related uncertainty in such measurements is high and hence is neglected in the present study. Ligaments which are well-focused,
straight, and undisturbed by the transient waviness of the droplet free surface are analyzed. Mergers
of different ligaments and multiple ligaments emerging from the same location are neglected. The
aspect ratio of a ligament is defined as  = L/W, where L is the length of the ligament tip from
the drop surface and W is the full-width-at-half-maximum length, both measured at the time instant
when the ligament reaches its maximum height.
The acoustic wave has a force potential associated with it, whose density is given by the
following expression:24, 38


2J1 (k z rq)
E(r, z) ∝ [cos (k z z) − sin (k z z)]
k z rq
2

2

2
,

(7)

where k represents the wave number, J1 is the Bessel function of first kind and first order, and q
is the ratio of radial wave number to axial wave number. A schematic representing the normalized
potential field inside a levitator is shown in the inset to Fig. 1(c) (adapted from Fig. 4 of Ref. 24).
The dark areas represent attractive forces (towards the axis) and the light areas represent repulsive
forces. For a droplet situated in this field, there is significant pressure variation along the droplet
length scales [Figs. 1(c) and 1(d)] leading to a net acoustic force.
The axial and radial components of this acoustic force are directed axially upward and radially
outward at the droplet location (see Fig. 1(d)). The radially outward force (r-component) at the
pressure antinode is mainly responsible for the droplet spreading but also assists in ligament growth
(ligaments grow at an angle). The z-component of the force plays an active role in the ligament
formation mechanism and it is directed against the gravitational pull. In addition, the force from
the vibrating transducer surface is not insignificant. It has great influence in the ligament inception
stage, e.g., crater formation and surface oscillations as described in the following paragraphs. The
combined action of the acoustic force and the surface vibration leads to the surface waves and
ligament formation.
The different mechanisms of ligament break up in Fig. 1(b) are: tip breakup where a daughter
droplet is ejected from the tip of the ligament and the remaining ligament retreats to the parent
droplet; base breakup where the ligament separates from the parent droplet at its base first and as
the separated thread traverses outward, it disintegrates into satellite droplets; tip-base breakup where
both tip and base breakups occur almost simultaneously; and the predominant Rayleigh instability
breakup of long cylindrical ligaments into a series of daughter droplets. All these breakups can lead
to the production of more than one daughter droplet per ligament depending on its initial growth rate.
Pure tip breakup which produces just one daughter droplet per breakup occurs mostly for conical
ligaments.
A striking observation from Fig. 7 is that only the ligaments whose final aspect ratio is greater
than ∼π disintegrate to form daughter droplets. This suggests that higher
√ aspect ratio (skinny)
ligaments tend to breakup. The variation in Ohnesorge number, Oh = μ/ (ρσ W) for a particular
fluid is solely due to the variation in the width of the ligaments, W. The positive dependence of
 on Oh (Fig. 7) for a particular fluid thus implies that thinner ligaments (lower W) carry higher
momentum. So it is apparent from Fig. 7 that high aspect ratio ligaments which are prone to breakup
carry on an average higher momentum than the low aspect ratio counterparts.
To explain this relationship, we illustrate the mechanism triggering the inception of a ligament
in Sec. III B 1.
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√
FIG. 7. Ligament final aspect ratio ( = L/W) vs. Ohnesorge number (Oh = μ/ (ρσ W)). Open symbols and “NB” represent
no breakup. Closed symbols and “B” represent breakup.
denotes average across a fluid. The dashed black lines roughly
mark the border of the domain of each fluid on the plot. The thick horizontal solid line (green) is  = π , the critical aspect
ratio of a jet undergoing capillary breakup.

1. Ligament inception phase

The ligament inception phase is mostly triggered by crater formation on the free surface of
the spreading droplet. These craters mainly originate from the multi-modal capillary waves.16–18
The undulation on droplet surface resulting from capillary instability is usually characterized by its
wavelength, λ (Fig. 2). As the unstable mode grows, the crater formed by the capillary wave leads
to an interfacial pressure difference,
p ∼ 2σ/λ.

(8)

This is based on the rationale that a smaller wavelength wave has smaller radius of curvature (sharper
curvature) resulting in higher surface tension force. From energy considerations, a higher wavelength
wave is unlikely to have a sharper curvature. Nevertheless, the validity of this scaling will be proven
using the experimental data later. Since it is the pressure difference across the interface that features
in Eq. (8), the influence of the acoustic pressure field around the droplet is automatically included.
The adjacent fluid rushes to the lower pressure zone created under the crater providing the
momentum impetus needed for the formation of liquid spikes or ligament. The width, W of the
ligament formed scales as λ. The velocity corresponding to the interfacial pressure difference is
given by

(9)
v0,theoretical ∼ 4σ/(ρW ).
v0,theoretical is responsible for the initial momentum of the ligament. Hence it naturally follows that for
thinner ligaments, the initial momentum will be higher and subsequently grows longer with higher
propensity to break up.
Now, we turn to the experimental data to validate this hypothesis and the scaling arguments
used (see Fig. 8). From here on, v0 stands for the experimentally observed ligament growth rate
and is obtained from the slope of a straight line fitted to the initial part of the data plotted as the
instantaneous ligament length, l vs. time, t measured from the inception of the ligament (not shown).
Almost all disintegrating ligaments show a linear growth rate, and the non-disintegrating ligaments
show a parabolic trend towards
√ the end of their growing phases as they subsequently decay. As can be
seen in Fig. 8, the ratio v0 / 4σ/(ρW ) is of order 1 for most of the ligaments, validating the scaling
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FIG. 8. Normalized initial ligament growth rate, as per the scaling given in Eq. (8) vs μ∗ .

arguments. In addition, it shows that the pressure difference resulting from the crater formation is
sufficient to induce the observed rates of ligament growth and droplet ejection velocities.
The effect of viscosity on the inception phase of atomization can be interpreted from the aspect
ratio distribution of the different fluids (see Fig. 9). For lower fluid viscosity, the probability of
formation of skinnier ligaments is higher. As a corollary of this result, the fraction of the number
of ligaments with  > π decreases and consequently the fraction of the number of ligaments that
breakup decreases with increase in viscosity as seen in Fig. 10. Since the ligament width is directly
related to the dominant capillary wavelength (W ∼ λ), the distribution implies that a lower viscosity
leads to the growth of a mode with lower wavelength as previously shown by Lin and Reitz39 and
Miles.40 This is believed to be due to the higher viscous dissipation of lower wavelength modes.41 In
the high viscosity limit, Miles40 deduced the following expression for the most unstable wavelength:

(10)
λ ≈ 5.3174 υ/ f .
Thus, λ scales with square root of kinematic viscosity, ν for a given forcing frequency, f. It should
be noted that this is a theoretical result and in reality, more than one wavelength is likely to grow
unstable. However, if on average the trend dictated by Eq. (10) is valid, as the viscosity increases,
the chances of formation of ligaments with higher width increases (since W ∼ λ). Consequently,
since v0,theoretical ∼ 1/W0.5 for a given fluid (Eq. (9)), the initial ligament velocity should decrease
for relatively high viscosity fluids resulting in fewer skinny ligaments. Also the frequency of ligaments undergoing breakup decreases for highly viscous fluids. The probability distribution functions
(Fig. 9) of the final ligament aspect ratios for different fluids suggest that lower viscosity ligaments
tend to grow longer compared to the high viscosity ligaments on average. The higher initial momentum of the low viscosity ligaments leads to skinnier ligaments compared to the high viscosity
counterparts (Fig. 9).
In a nutshell, the effect of viscosity in the inception phase of a ligament is to dissipate the
energy and suppress further growth of capillary modes with smaller length scale. Since the ligament
momentum is surface-tension-driven which involves the dependence on the length scale as given by
Eq. (6), for high viscous fluids, the ligament formation rate and subsequent growth rate will be lower.
The influence of viscosity on the initial ligament momentum is further supported by the decrease in
average growth rate across all the ligaments for each fluid with viscosity (Fig. 10). In Fig. 10, the
disintegrating ligaments show higher growth rate, as expected.
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FIG. 9. Distribution of final aspect ratio of all ligaments (disintegrating and non-disintegrating) of different fluids.

The experimentally observed critical aspect ratio is very close to the final aspect ratio of a
jet undergoing Rayleigh breakup,42 namely, π affirming that all the disintegrating ligaments in our
experiments indeed show a jet-like behavior. A ligament growing on a drop surface and an emanating
jet are both governed by the competitive forces of inertia and surface tension, with viscosity playing
a stabilizing role. The threshold value of  appears to be independent of fluid viscosity, so that the
ligament breakup is capillary-dominated since the difference in surface tension between water and
GW4060 is only 6%. The observed ligament diameter and corresponding daughter droplet diameter

FIG. 10. Ligament growth rate and fraction of ligaments that breakup vs μ∗ . Open and closed symbols represent breakup
and no breakup, respectively.
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are close enough to suggest that the phenomenon resembles a capillary pinch-off.39 The trend
shown by ligament aspect ratio suggests that all the observed breakups, whether it is end pinching
or Rayleigh breakup, are results of capillary instability. In studies on extensional liquid threads
at very low Reynolds number,21 however, these two breakups are discriminated as two different
mechanisms. But the ligaments considered in the present study are inertia driven as will be shown in
Secs. III B 2 and III B 3. In summary, the vibrating transducer surface, besides the shear instability
at the droplet surface due to acoustic streaming, is a major source of the capillary disturbances and
thus the crater formation on the droplet surface.
2. Ligament growth phase

A growing ligament does not feel the vibration from the surface significantly as it is a kinetic
driven phenomenon and is most affected by the acoustic pressure variation (see Fig. 2). The magnitude
of the acoustic force acting on a typical ligament in the current oscillator setting is of the order of
10 μN (for pac ∼ 600 Pa, which is the rms value of the acoustic pressure measured at the center
of the acoustic field, and a ligament width ∼10−4 m). On the other hand, the transducer surface
force imparted to the entire droplet is of the order of 6 μN (derived by modeling the 1D standing
wave). This force plays a role in the capillary waves, crater formation, and ligament formation
phase. However, considering the negligible volume of the ligament relative to the entire droplet,
only a fraction of this force is applied on a typical ligament. This means that the surface vibration
force is low compared to the acoustic force in the ligament growth phase. However, as we noted in
Sec. III B 1 on inception phase, both forces play a significant role in the crater formation.
The growth phase of the well resolved spatially distinct ligaments is controlled principally
by the initial kinetic energy (from the inception phase). It will be shown later in this section that
viscosity plays almost no significant role in ascertaining the mean growth rate. However, viscous
dissipation is a major factor in controlling the surface perturbations that grow on the ligaments as
they get stretched due to inertia leading to eventual breakup. Thus, in reality, the final breakup length
of the ligament depends on both viscosity and inertia although the bulk growth profile is dominated
by inertia. This point will be further discussed in Sec. III B 3.
The history of ligament length during the growth phase is plotted in Fig. 11 where the nondimensional length and time are defined as l∗ = l/L and t∗ = tv0 /L, respectively. The growth of the
ligaments is principally governed by a balance between surface tension, external acoustic pressure,
and ligament inertia. Normally the ligament kinetic energy (from inception phase: Fig. 2) is aided
by the external acoustic field leading to inviscid jet-like growth of the ligaments.
The length history of all the ligaments is found to collapse to a straight line passing through
the origin with a slope of 1.11 (Fig. 11), regardless of the fluid type or the likelihood of ligament
breakup. The maximum departure of individual curves from this curve-fit is roughly estimated to
be +0.26/−0.22 in terms of l∗ and is well within the uncertainty in the exact time of inception of
the ligaments and final non-linearity in the growth rate of non-disintegrating ligaments. The linear
and universal dependence of l∗ on t∗ can be explained by a simple force balance where the time rate
of change of momentum of the growing ligament is balanced by the surface tension force, Fst and
the acoustic pressure force, Fac . Since the maximum value of Ca (=μv0 /σ ) exhibited by ligaments
formed under the current oscillator amplitude is nearly 0.1, it is reasonable to conclude that the
viscous force on any ligament will be less than the surface tension force by at least one order of
magnitude and hence is neglected:


w2
d
w2
ρπ lu = π σ w − π
(11)
pac .
dt
4
4
Here w and u represent the instantaneous width and growth rate of the ligament. The negative sign
for the pressure term indicates the upward direction of the acoustic force acting in the pressure
antinode near the transducer surface.38
Integrating Eq. (11), while discounting the negligible variation of w with time (hence w ≈ W)
and noting that the ligament momentum at t = 0 is zero (as l = 0), we get
ρW lu = (4σ − W pac )t.

(12)
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Finally the velocity is assumed to scale as the initial ligament growth rate, i.e., u ∼ v0 to obtain
l ∗ = t ∗ /
W e,

(13)

where 
W e = ρWv0 /(4σ − Wpac ) is the ligament Weber number modified to account for the acoustic
pressure and is found to be of order 1 for all the ligaments (on average, 
W e is less than 1 for
non-disintegrating ligaments and is greater than 1 for disintegrating ligaments). This explains the
collapsing of curves into a linear curve with a slope ∼1 through a balance of inertia against surface
tension and acoustic pressure force during the growth phase of the ligaments (Fig. 2). Being in line
with the order of magnitude analysis followed, we assume that pac ≈ 600 Pa, the net value of the
acoustic pressure acting on the droplet. This value is not exact but rather an order of magnitude
estimate and also includes any small contribution of the surface vibration on the ligament growth as
well. The distribution of acoustic force around the deforming droplet can be a complicated spatiotemporal function (Fig. 1(c)). The presence of a deforming droplet can have some effect on this force
distribution. But the very small time and length scales of the experimental event make it difficult
to measure this pressure field at every r-z location. Since our theoretical analysis is based on order
of magnitude principles and does not involve a numerical model, only the nominal value of pac is
needed to be quantified. The aforementioned consistency between the experimental data and the
analytical results corroborates that the scaling analysis is correct. This will be further confirmed
from the derivation of the characteristic time describing the ligament growth (described later). The
method of measurement of the nominal value of pac is briefly explained in the next paragraph.
The rms value of the acoustic pressure of the standing wave is proportional to the voltage
supplied to the transducer which is controlled by a controlling unit. To measure the SPL (Sound
Pressure Level), a solid sphere is levitated at a pressure node of the wave and the voltage is swept
down until the sphere falls off. By doing a force balance of the weight of the sphere and the
force of the acoustic pressure, the SPL corresponding to this threshold voltage can be calculated.
By suspending spheres of different diameters (ranging from 250 to 1000 μm) and repeating this
exercise, a calibration curve of SPL versus transducer voltage is generated as heavier spheres will
require higher threshold voltage to get suspended. The rms SPL corresponding to the voltage setting
2

FIG. 11. Time evolution of length of ligaments during the growth phase. Open and closed symbols represent breakup and
no breakup, respectively. The experimentally measured initial ligament growth rate, v0 is used to non-dimensionalize time,
t. The snapshots show examples of both growing and receding phases of non-disintegrating (top row) and disintegrating
(bottom row) ligaments. The time interval between two consecutive frames is around 48 μs.
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√
FIG. 12. Collapse of ligament growth profile using the theoretical time scale, tgrowth = (ρWL2 /(4σ − Wpac )). The inset
shows ligament final aspect ratio vs. capillary number (Ca = μv0 /σ ). Open and closed symbols represent breakup and no
breakup, respectively.

that has been used in the present study is simply read off from this chart. This method is found to be
very repeatable and the detailed explanation can be found in Ref. 43.
A theoretical time scale, characterizing the ligament growth lifetime, tgrowth can be deduced
from the previously explained ligament force balance as follows:
ρπ

W 2 L2
πW2
=
π
σ
W
−
pac ,
2
4
4tgrowth

(14)

√
which gives tgrowth = (ρWL2 /(4σ − Wpac )). This time scale is validated and the result is shown in
Fig. 12 (for only disintegrating ligaments for clarity). For typical values of the parameters involved,
the magnitude of acoustic force is found to be comparable to surface tension force in the case of
non-disintegrating ligaments (W ∼ 10−4 m). The collapse in the l–t curves is significant, adding
credence to the appropriateness of the time scale.
3. Effect of viscosity in the growth phase

In the theoretical description provided in Sec. III B 2 the viscosity of the fluid is neglected on
the grounds that the capillary number is less than 1. This is obviously not valid at higher values of
Ca which occur at higher amplitudes of oscillation, where the viscous force may play a major role
during the growth phase of the ligament by adding to the viscous dissipation. Although the details of
this treatment is beyond the scope of this paper, to complete the picture of ligament growth dynamics
in the context of the present experimental conditions, we provide a quantitative description of such
a viscosity dominated ligament (Ca
1) by making an order of magnitude estimate of the length
scale of the ligament. Since surface tension force plays a less prominent role, the viscous force must
balance the ligament inertia force. The viscous stress in the ligament scales as τ ∼ μlvis /Wtvis , where
lvis and tvis are, respectively, the length and time scales associated with the viscous-driven ligament
growth. Since this stress acts on the ligament longitudinal section whose area ∼W lvis , one gets the
scale of viscous force as
Fvis ∼

2
μlvis
.
tvis

(15)
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The inertia force scales as
Fin ∼

4
ρlvis
.
2
tvis

The condition for the ligament to be viscous dominated is
√
Fvis ≥ Fin ⇒ lvis ≤ υtvis .

(16)

(17)

For the typically observed time scale of ligament growth dynamics, tvis ∼ 10−4 s (note that the
entire atomization regime of the droplet lasts for around 10−3 s) and ν ∼ 10−6 m2 /s, Eq. (17) gives
lvis ≤ 10−5 m. However, this length scale cannot be resolved. This indicates that the viscous dominated
surface disturbances would not even grow to an observable length scale due to viscous dissipation.
Therefore, we conclude that the ligaments which were selected for the present analysis undergo
purely surface tension driven growth.
Even in the capillary dominated growth phase, viscosity has an indirect influence through
stabilizing effect. Since Rayleigh-Plateau instability is proven to be the mechanism of breakup of all
the ligaments, viscosity then delays the breakup of jet.18 The time scale of growth of a perturbation
is given by44
μw0
,
(18)
tpert =
σ
where w0 is the unperturbed jet radius. This is derived from linear stability analysis for high viscosity
limit and clearly shows that the growth of perturbation amplitude on the ligament surface will be
slower for higher viscosity. This is attributed to the dissipative nature of viscosity which attenuates
the surface disturbances and delays the capillary breakup. In the same line of reasoning, it follows
that a high-viscosity ligament will grow longer (and have higher ) than a low-viscosity ligament if
the initial velocity (kinetic energy) is the same.
But the ligaments of the lower viscosity liquids like water usually grow to a much longer
length prior to breakup compared to that of higher viscosity liquids. On average, lower viscosity
liquids are fed with a higher initial velocity from the inception phase compared to their higher
viscosity counterparts (Fig. 10). This allows longer ligaments even though attenuation of surface
perturbations is augmented in high viscosity ligaments. However, given the random nature of the
processes, occasionally a high viscosity ligament fed with a high initial kinetic energy (i.e., high
Ca) tends to be longer (inset to Fig. 12). These very few ligaments grow out of the frame of view
and hence were not considered in the analysis carried out in Sec. III B 2 and the  values given in
the inset to Fig. 12 for these ligaments are measured at the time instant when they reach the edge
of the picture. For a given fluid, the general increasing trend of  with Ca in the inset to Fig. 12 is
attributed to the ligament growth due to higher momentum.
To summarize this section, for ligaments having the same initial inertia, the more viscous
ligament tends to grow to longer. However, viscous ligaments having the same level of high inertia
as their low viscosity counterparts for same oscillator conditions are low probability events.
IV. CONCLUSIONS

Atomization dynamics of a droplet supported on an ultrasonically vibrating surface in the
pressure antinode of an acoustic standing wave is analyzed. Proper orthogonal decomposition applied
on the binary images from the spreading regime of the droplets revealed oscillations in the modal
coordinates, describing the surface dynamics and shape evolution of the spreading droplet which are
responsible for the growth of surface perturbations. The shear at the surface of the spreading droplet
and the droplet support excitation lead to capillary instabilities, which grow to form ligaments. Three
different phases of the life of a ligament are identified and simple theories were developed to explain
the observed experimental characteristics.
In the inception phase, the crater formed by unstable perturbations induces high enough fluid
velocities for the ligament to grow through capillary pressure development. Both acoustic pressure
and surface vibration contribute towards the crater development and ligament formation. Viscosity
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plays a major role in this phase to determine the initial kinetic energy of the ligament because the
higher viscosity causes the instability to select higher wavelengths. Therefore, the average ligament
growth rate, subsequent final ligament aspect ratio, and the frequency of ligament breakups are all
found to decrease with viscosity.
In the subsequent growth phase, a force balance analysis carried out on all the growing ligaments
shows that the mean growth dynamics and breakup of the ligaments are dominated by inertia forces,
surface tension, and acoustic pressure forces. This inviscid analysis successfully explains the linear
and universal trend in the growth shown by all the ligaments and allows us to deduce a theoretical
time scale characterizing the ligament growth lifetime. Additionally the growth phase of very high
length scale ligaments can be affected by viscosity indirectly through the stabilizing effect. In the
final breakup phase, ligament breakup is due to Rayleigh-Plateau instability as the critical aspect
ratio for breakup is close to π . The ligaments which do not grow to this critical aspect ratio recede
to the droplet surface after reaching a maximum height without undergoing any fragmentation.
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